To cite this version: T. Leissing, P. Jean, J. Defrance, Christian Soize. Nonlinear parabolic equation model for finiteamplitude sound propagation over porous ground layers. Wave propagation over porous ground layers 1 Abstract The nonlinear parabolic equation (NPE) is a time-domain method widely used in underwater sound propagation applications. It allows to simulate weakly nonlinear sound propagation within an inhomogeneous medium. For this method to be suited for outdoor applications, it must account for the effects of an absorbing ground surface. The NPE being formulated in the time domain, complex impedances cannot be used. The ground layer is thus included in the computational system with the help of a second NPE model based on the Zwikker-Kosten model. A two-way coupling between these two layers (air and ground) is required for the whole system to behave correctly. Coupling equations are derived from linearized Euler's equations. In the frame of a parabolic model, this two-way coupling only involves spatial derivatives, making its implementation straightforward. Several propagation examples, both linear and nonlinear, are then presented and the method is shown to give satisfactory results for a wide range of ground characteristics. Finally, the problem of including Forchheimer's nonlinearities in the two-way coupling is addressed and an approximate solution is proposed. PACS numbers: 43.25-x, 43.28.-g
I. INTRODUCTION
High-amplitudes waves propagate over large distances. The need to develop numerical models that can handle main features of finite-amplitude sound propagation outdoors is obvious. Specifically, in addition to nonlinearities, numerical models must take into account meteorological and ground effects (refraction, dissipation, hilly terrain, ground impedance).
In this work a nonlinear parabolic equation (NPE) model is used to simulate finiteamplitude sound propagation. This method has first been developed by McDonald and Kuperman in 1987 1 and has been successfully used for underwater acoustics simulations 2 .
It has also been used together with other methods to simulate blast wave propagation in air 3-6 .
The principle of the NPE is the resolution of a nonlinear wave equation over a moving window that surrounds the wavefront. While reducing domain size (and thus computational cost), the moving window principle prevents backward propagation to be accounted for. For the derivation of the original NPE model, the reader may refer to articles by McDonald 7,8 or Caine and West 9 . The NPE model for a 2D domain with cartesian coordinates (x, z) writes:
where ∂ i means partial derivation with respect to the variable i, x is the main propagation direction, z is the transverse propagation direction and t is the time variable. The ambient sound speed is c 0 while c 1 is the sound speed perturbation in the window, i.e. c 1 = c (x, z) − c 0 , where c (x, z) is the spatially-dependent sound speed. R = ρ ′ /ρ 0 is a dimensionless overdensity variable, with ρ ′ the acoustic density perturbation and ρ 0 the ambient medium density. For air, the coefficient of nonlinearity β is calculated with the help of the ratio of specific heat capacities at constant volume and pressure γ, i.e. β = (γ + 1) /2. The first term on the right hand side of Eq. (1) simulates refraction and nonlinear effects; the second term accounts for propagation in the transverse direction. D t is a moving window operator a) Corresponding author; Electronic address: thomas.leissing@cstb.fr 3 and is defined by:
Note that in Eq. (1), the azimuthal spreading term c 0 R/(2r) has been dropped from the original NPE 1 . The assumptions used to derive this model are: (i) weak nonlinearities; (ii) weak sound speed perturbations, i.e. c 1 ≪ c 0 ; (iii) propagation along a main direction. Eq.
(1) can thus be used to propagate weak shocks over moderate distances within a domain with spatially-varying sound speed. Various modifications and additions to this original model were made during the past two decades: spherical and cylindrical formulations 10 , thermoviscous effects 11 , high-angle formulation 12 . Propagation in multiple media 13 and propagation through atmospheric turbulences 14 were successfully studied using this model. 
II. NPE MODEL FOR RIGIDLY-FRAMED POROUS MEDIA
The domain considered is two-dimensional with main axes x (horizontal direction) and
z (vertical direction). Total density ρ T and total pressure p T variables are noted as follows:
where ρ 0 and p 0 are ambient air density and ambient air pressure, respectively, and ρ ′ and p ′ are acoustic perturbations of these quantities. Components of the flow velocity vector V are u and w, which are the flow velocities in the x-and z-directions, respectively.
It is reminded that the effects of a soft ground on sound propagation in the air layer is under interest. Moreover, including the porous medium into the computational system must not dramatically increase computational times, otherwise one of the most interesting feature of NPE models, fast calculations, will be lost. It is thus proposed to derive a parabolic model similar to Eq. (1), which uses a minimal parameterization: the layer is assumed to be equivalent to a continuous fluid for sound waves. A wave causes a vibration of air particles contained in the ground pores, while the ground frame does not vibrate.
The nonlinear parabolic equation model for sound propagation in porous ground media is based on a nonlinear extension of the Zwikker-Kosten (ZK) model 28 , characterized by a set of 4 parameters: the DC flow resistivity σ 0 , the porosity Ω 0 , the tortuosity Φ and the Forchheimer's nonlinearity parameter ξ. The tortuosity Φ is defined as the ratio of a curved path length to the distance between its end points. These quantities are assumed fixed in space and time. In this context, equations of continuity and conservation of momentum 5 are 29-31 :
As one can see in Eqs. (4), the tortuosity Φ reduces the pressure gradients and flow resistive terms. Combining Eqs. (4) gives:
Since the propagation is mainly along the x−direction, only linear terms in z−derivatives are kept in Eq. (5): terms ∂ x ∂ z (Φρ T uw), ∂ 2 z (Φρ T w 2 ) and σ 0 Ω 0 ∂ z (ξ |w| w) are neglected. Moreover, only terms of order up to two in x−derivatives are retained: the quantity ∂ 2
is discarded; this leads to:
To find an expression for the flow velocities u and w we use the perturbation expansions method. The same scalings and expansions as in references 1,7 are used (however, note that the window speed in the ground layer is set to c 0 / √ Φ):
The scaling of z by a factor of ǫ 1/2 emphasizes the predominance of the propagation in the
x-direction. The partial derivatives associated with Eqs. (7) are:
The dependent variables are expanded as follows:
Eq. (4a) can then be rewritten:
Equating terms of order ǫ and ǫ 3/2 gives: The total pressure p T is then substituted by a second-order expansion in ρ ′ from an assumed adiabatic equation of state:
where γ is the ratio of specific heats. Inserting Eq. (12) in Eq. (6) yields:
A moving-frame operator D ⋆ t is introduced:
The first-order parabolic approximation gives 9 :
Replacing the second time derivative in Eq. (13) and rearranging gives a NPE model for propagation in porous media:
Eq. (16) can be used to simulate sound propagation within a porous ground layer. However, if one wants to couple air/ground models, a last modification must be done. Indeed, both models use different moving-window speeds: c 0 and c 0 / √ Φ. Correcting for the frame-speed difference leads to the following substitution:
Eq. (16) becomes: 
III. DERIVATION OF TWO-WAY COUPLING EQUATIONS
As both models use the same moving-frame speed, they can be combined to simulate finite-amplitude sound propagation over a rigidly-framed porous ground layer. This section aims at establishing first-order coupling equations to link these two propagation models. In the following we assume that the deformation of the interface by the wave is small 13 .
A. Derivation
An air layer, which fields are noted p ′a , u a and w a , is considered. To construct the air-ground interfacial condition, a rigidly-framed porous ground layer is introduced. Its fields are noted p ′g , u g and w g . With these notations, interfacial boundary conditions are continuity of pressure and normal flow velocity:
where the square brackets denote the field quantity on the air-ground interface. Expressions of w a and w g involving the pressure disturbance p ′ to the first order are sought. As a first order boundary interface condition is sought, linearized equations are used; for the air layer we use the linearized Euler's equation:
The perturbation expansion method is used and the same scalings as in section II and in references 1,7 are used. Rewriting Eq. (20) and equating terms of order 1 and 3/2 gives:
Note that w a = w a 1 + w a 2 + O ǫ 5/2 . To the order of accuracy sought in this work it can be written:
To find an expression for w g we start from the following equation 20 :
The same procedure is applied; one can find:
The interfacial condition for the continuity of vertical velocities w a and w g can now be written:
Rearranging Eq. (25) leads to:
The variables p ′ a i,j and p ′ g i,j are introduced to denote pressure values in layer a (air layer) and layer g (porous ground layer), respectively, at range i∆x in the moving window and altitude j∆z. The air-ground interface is taken to be midway between two vertical grid points with indexes j = 0 and j = 1. Auxiliary virtual points with pressure values p ′ a i,0 and p ′ g i,1 are created. Fig. 1 shows a sketch of the configuration. A trapezoïdal law and finite-differences expressions for p ′ a and p ′ g and their derivatives are used to discretize Eq. (26). For a layer l we use:
Replacing these approximations into Eq. (26) and using the condition of pressure equality across the interface finally gives expressions for unknown quantities p ′ a i,0 and p ′ g i,1 :
where N x is the number of points in the moving window in the x-direction and:
Eqs. (28) and (29) give expressions for the unknown pressures p a i,0 and p g i,1 , and thus allow, used together with the atmospheric and porous ground NPE models, to simulate weakly nonlinear sound propagation over an impedant ground.
C. Properties
In this section, fundamental properties of the boundary conditions are described and some notes about its numerical implementation are given.
Limitations: first-order formulations of the constitutive equations have been used to derive the boundary interface condition. This implies that nonlinearities can't be taken into account in the two-way coupling.
Causality: the x-integral present in NPE models (see for example Eq. (1)) is calculated from the right to the left of the calculation grid, and the same method is used for coupling (note the reversed sum indexes in Eqs. (28)). This ensures that no perturbation is introduced ahead of the point where the wave hits the ground, and thus implies that the interfacial condition is causal.
Consistency to classical boundary conditions:
if one sets Φ = +∞ we obtain from Eqs. 
which is the interface condition for two fluid layers with densities ρ 0 and √ Φρ 0 13 .
Numerical implementation: a common way for solving for the diffraction operator is to use first-order finite-differences approximation for spatial discretization and Crank-Nicolson method for time marching. This leads to a tridiagonal system of equations that is solved columnwise, from the right to the left of the calculation grid. The boundary interface condition can thus be naturally included in the diffraction solver by imposing values on corresponding points without any additional solver modifications.
IV. NUMERICAL EXAMPLES
In this section numerical examples of sound propagation over porous ground layers are presented to illustrate the coupling method and evaluate its performances.
A. Linear propagation
Reference solutions
Solutions of the two-dimensional Helmoltz equation are used as references. The solution for the propagation in an homogeneous atmosphere over an impedant ground surface is (for 2-dimensional waves):
where p r is the complex pressure at the receiver, k is the wavenumber, R 1 and R 2 are the source-receiver and image source-receiver distances, respectively, and H 
Configuration
The the receiver is 10 m away from the source.
B. Nonlinear propagation

Reference solution
To obtain reference results to compare to the NPE model, solutions of the Euler's equations are used. The computational domain is composed of an air and a ground layer. In a two-dimensional Cartesian coordinate system the constitutive equations for the air layer are:
15 where e 0 is the energy per unit mass. Within the ground layer momentum conservation equations write:
The energy equation Eq. (36) and the ideal gas law Eq. (37) close the equation system:
where T is the gas temperature, C v is the specific heat capacity at constant volume and R is the gas constant. To solve this equation system a weighted essentially non-oscillatory (WENO) algorithm 33 for space discretization and a third-order total variation diminishing (TVD) scheme 34 for time marching are used. These numerical algorithms are briefly presented in Appendix A.
Configuration
In this example standard atmospheric conditions are used (T = 293 K, ρ 0 = 1.2 kg.m −3 , p 0 = 1.03 10 5 Pa). The source is positioned 3 m high; the receiver is 12 m away from the source at the same altitude.
In order to start the reference calculation, the pressure, velocity, density and energy need to be specified. A Gaussian pulse is propagated using a one-dimensional version of the code To evaluate the accuracy of the NPE model, some characteristics of the reflected wave are studied. Namely, these are the maximum positive and negative peak pressures and their arrival times (noted respectively p + and p − , t a+ and t a− ), and the positive phase duration (noted t d ). These characteristics are sumarized in Table I . Since for the softest ground layer the negative peak on the reflected wave almost does not exist, values of p − and t a− for this 18 layer are irrelevant.
Results
As one can see, arrival times differ by at most 0.3 ms. The difference is larger for the softest layer; this can be explained by the fact that the NPE model does not smear out pulses as the reference model do, leading to erroneous positive peak position. One can thus expect that as the flow resistivity decreases the error on arrival time increases. However, in outdoor sound propagation applications the flow resitivity may rarely be lower than the one used here (σ 0 = 10 kPa.s.m −2 ), so the error on arrival time will remain weak for most cases. These remarks are also applicable to the positive phase duration t d . Positive peak amplitudes differ by 6.2 % and 5.1 % for layers with σ 0 = 100 kPa.s.m −2 and σ 0 = 10 kPa.s.m −2 , respectively. This difference does not seem to be dependant on flow resitivity and as a comparison, the relative error for the perfectly rigid layer is 1%. Relative error for negative peaks are comparable: these are 2.4% and 3.4% for rigid and the layer with σ 0 = 100 kPa.s.m −2 , respectively.
As a mean of comparison, calculation times for Euler and NPE models were about 3.5 hours and 4 minutes, respectively (calculations were done on a modern desktop computer).
Although the Euler's equations implementation could use more advanced numerical techniques (adaptive mesh refinement methods 25 , moving window principle 15 ), the NPE model, thanks to the use of a one-variable one-way wave equation and a fast solver (Thomas algorithm), is a very efficient tool for sound propagation simulations.
V. INCLUDING FORCHHEIMER'S NONLINEARITIES IN THE
TWO-WAY COUPLING
While the flow resistivity dependance on particle velocity (Forchheimer's nonlinearities) are accounted for in the NPE model for porous ground layers (last term in Eq. (18)), the two-way coupling between both domains does not contain high-amplitude effects on ground properties. This would lead to wrong solutions, since an additional attenuation would be introduced in the ground layer, but the increased rigidity of the interface wouldn't 19 be accounted for.
A solution is to artificially increase the flow resistivity appearing in the coupling parameters Eqs. (29) according to:
where w i is the vertical particle velocity at the interface. Note that the flow resistivity is now dependant on (x, t); it is thus noted σ (x, t). We then use Eq. (21) to obtain an approximation of w i :
where p i 1 is the first-order approximation of the pressure at the interface. The flow resistivity σ 0 in the coupling parameters Eqs. (29) is thus replaced by:
At the beginning of each time step, the flow resistivity is thus updated with the help of pressure values at the interface at the previous time step. This method, although approximate, allows to include Forchheimer's nonlinearities in the two-way coupling.
A. Numerical example
To To confirm this statement, differences in signals characteristics for calculations with and without nonlinearities are studied. Table III presents these figures for both models. The positive peak amplitude is increased by 21.78% and 21.12%, and the time of arrival t a+ is reduced by 0.7 and 0.6 ms for Euler and NPE simulations, respectively, while the positive phase duration is reduced by 0.3 ms for both models. The signals modifications due to the addition of Forchheimer's nonlinearities are nearly identical for both models, confirming that the method presented to take into account the flow resistivity dependance on particle velocity is accurate.
VI. CONCLUSION & PERSPECTIVES
A NPE model based on a nonlinear extension of the Zwikker-Kosten model has been derived; it allows to simulate weakly nonlinear propagation within a porous ground layer. However, the presented model still gives good agreement even for very low flow resitivities and provides a simple but efficient way of taking into account ground impedances. Finally, an approximate method to include Forchheimer's nonlinearities in the two-way coupling is presented: it consists of artificially increasing the flow resistivity value in the coupling parameters. This method has been proven to give satisfactory results and does not introduce any additional source of error in the two-way coupling.
To construct the NPE model, the assumption that the ground layer is equivalent to a continuous fluid has been made. This simplified modeling allows to derive a ground model that is of the same form of the NPE model for atmospheric layer. Two-way coupling equations involving only spatial derivatives and integrals, the complete NPE model is able to perform simulations in very short times (about 50 times faster than the Euler's equations implementation where, for the air layer, w n is the solution vector at time iteration n, i.e.:
and K (i) is the right hand side of the equation system, i.e.:
Note that for the ground layer, w n and K (i) have to be modified according to Eqs. (35).
Although the combination of WENO and Runge-Kutta schemes allow to stably propagate discontinuities, it is unable to propagate waves of infinite slope: a shock smearing will occur where the slope is too steep, resulting in small deviations from physical solutions for very high amplitude waves. 
